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. 4. LAST CLASS 


“1\. # Four Important Terms: 
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# Diameter & Conjugate Diameter: 
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x2 2 


be Let E, : a2 + a = 1, a > b. Let E, be another ellipse such that it 


r\S touches the end points of major axis of E, and the foci of E, are the 


end points of minor of E,. If E; and E, have same eccentricities, 9 
then its value is 


e 
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If two concentric — be such that the foci of one be on the 
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other and if 8 and = = be their eccentricities. Then angle between 


their axes is 
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~ au PROPERTIES OF ELLIPSE 


“' \34; Locus of foot of perpendicular drawn from foci on any tangent 
is Auxiliary Circle. 


2: Product of lengths of perpendiculars from foci on Tangent is always 
constant & equals to (semi-minor axis)? 


at bib, = (swat rains axis) 
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P-3: Portion of tangent intercepted between point of contact and 
be ma directrix subtend 90° at corresponding focus. 
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P-4: Chord of contact corresponding to any point on directrix always 
= passes through corresponding focus. 


ie 
Disechyi x. 


Note: If focus is Pole then Directrix is Polar. 
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() 
_ P-5: Tangent and Normal at any point P bisects the angle between 
= = focal distances ( PS, & PS;). 
71\\ (i) 
Image of focus in any tangent lies on line joining point of contact & other 
focus. a8 
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R REFLECTION PROPERTY: 
e ~ Any ray passing through one focus, after reflection from Ellipse passes 
“1\\ from another focus. 
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_ P-6: Circle with focal distance as diameter touches auxiliary circle. 
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To prove - 
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< P-7: If the normal at any point P on the ellipse with centre C meet the major 


and minor axes in G & g respectively, and if CF be perpendicular upon 

this normal, then 

{iy PF-PG=b? (ii) PF-Pg=a? _. 

(iii) PG-Pg=SP-S'P (iv) CG-CT =CS? #b=b (cots) 


(where T is the point where Tangent at P cuts major axis) Keo e fe " rey 
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< P-7: If the normal at any point P on the ellipse with centre C meet the major 


a and minor axes in G & g respectively, and if CF be perpendicular upon 
this normal, then 
(i) PF-PG=b?2 \fi) ~=s« PF -Pg = a? 
(iii) PG -Pg=SP-S'P (iv) CG-CT=CS? 


(where T is the point where Tangent at P cuts major axis) 


(ii) Civde ust, C ‘4 or diam . 
Pauses of pout C= "4 
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be < P-7: If the normal at any point P on the ellipse with centre C meet the major 


a and minor axes in G & g respectively, and if CF be perpendicular upon 
this normal, then 
i) PF-PG=b? ii PF -Pg = a? 
7 Po=sPp.¢ F CT = C82 
(iii) PG -Pg SP -S'P iv) CG-CT=CS 


(where T is the point where Tangent at P cuts major axis) 
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2 < P-8: If tangent at point P meets axes of standard ellipse at T & t and CY is 


Pare perpendicular on it from centre then: 
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Note: 


Qs? If an intersect standard ellipse at 4 points 


(say : A(6,), B(6,), C(6,) & D(6,)) 
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An ellipse is with major axis 


2a, minor axis 


between coordinate axes, then find locus of centre & focii of ellipse 
CHALLENGER 


2b is sliding 
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HYPERBOLA 
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=m BASICS OF HYPERBOLA 
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Definition: For Hyperbola 


For second degree Equation) ax? + by” + 2hxy + 2gx + 2fy + c=0 
Condition: 
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& STANDARD HYPERBOLA 
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# Focus on X-axis & Directrix parallel to Y-axis. 
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~ #Very Important BAAT: 
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# Ellipse # Hyperbola 
x2 y2 
—-=1 
a2 pb? 


# “Many results” of ellipse can be converted into results for Hyperbola by 
replacing b? by (-b?) 
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COMPLETE HYPERBOLA 4 
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Ae: 
i er : 
Foci: &, £s, = (tae,0) 


Lt TA-& 
Directrices: *=+ 2 Centre: P.0-T. 4 TARA G ' (0,0) ae i 
Vertices: 4’, 4 = ( 49,0) Focal Length: 8°, = doe. ea 


ECCENTRICITY & LATUS RECTUM 
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b HYPERBOLA & CONJUGATE HYPERBOLA “Po 4 Ae q 4 
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Se um = Mas — y=t- 

e me 
Foci: (tae, 0) (0, +be) 
Vertices: (+a, 0) (0, +b) 


Principle Axes: |T.A.= 2a,C.A = 2b | |T.A.= 2b,C.A = 2a 


Centre: (0,0) 


Focal Length: 
# HB 2CHBR Shore 


eta (ger) Eccentricity: 


Latus Rectum: 


A # Important Results: (48 & #8) 


‘1\* “€esult-01 : The foci of a hyperbola and its 
conjugate are concyclic and form the 
vertices of square. 
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R gee FOCAL DIRECTRIX PROPERTY 
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Ik gee SECOND DEFINITION OF HB 
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# Locus of point which moves such that difference of its distances from 
two fixed points is constant. 
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Show that locus of centre of a variable circle which touches two 
fixed non-intersecting circles externally is hyperbola. 
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Find the equation of the hyperbola whose eccentricity is V2 
and the distance between the foci is 16, taking transverse and 
conjugate axes of the hyperbola as x and y-axes respectively. 
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& TODAY’s GOAL 


# Auxiliary Circle & Parametric Point 
# Position of Point w.r.to HB 
# Line & Hyperbola 
# Equation of Tangent & Normal 


. 4. LAST CLASS 
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'\\ # Properties of Ellipse: 
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# Introduction to Hyperbola: 
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Find the equation of the hyperbola whose eccentricity is V2 
and the distance between the foci is 16, taking transverse and 
conjugate axes of the hyperbola as x and y-axes respectively. 9] 
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Find e of conic whose parametric equation 
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x2 * 
Let H: a 6p 1 where’a > b > 0| be a hyperbola in the xy-plane | 


whose Sanita axis LM subtends an angle of 60° at one of its ? 
vertices N. Let the area of the triangle LMN be 4V3. 
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If second degree equations (x - 1)” + (y - 2)*=a({2x+y-1)* and 
| (x - 1 +O- 2)? —-J/(x-—x,)? + (y- yy = = k* represent ») 


t Good Ques. 
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‘=m Find everything for Hyperbola : 9x? - 16y* - 72x + 96y - 144 =0 ? 


 @ 


4 (x-8x) =(¢ . ) 144" 


oe 1<14 i — 


on AR =2(9)_% 44) —16 (4 i = (144) 


6 


Ke EQUILATERAL / RECTANGULAR HYPERBOLA 
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If length of conjugate axis and transverse axis equal then 
hyperbola is called as Rectangular/Equilateral hyperbola. 


# Tf [a=b | > xf ot 


a=b 


Wi 7 
| 


6 


PCR Y)) = 7% 


8(%, 4.) “he 
eH ot pit == 
a 2 
bala m ee VAAN 
Cert 
Je") 


6 


AUXILIARY CIRCLE & PARAMETRIC POINT 


7T\S = auseilidie Circle: Circle with transverse axis as diameter. 
ra: 
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Hyperbola Parametric Point 


x? .. H = aseco, y = btad 


LINE & HYPERBOLA 


Hyperbola 25 —25 = 1 
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~  # Note: Range of slope: 
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Y EQUATION OF TANGENT 


=~ 


pv 


1. SLOPE FORM: when slope of Tangent is given 


Hyperbola Tangent with slope ‘m’ 


— B = m(x -— a) + Va*m?2 — 


aot a Ss 


3 = Cartesian Form : 
7 ite 7: arat 
h=6 


Parametric forme .— 1 


4 DIRECTOR CIRCLE 


rv) Locus of the point of intersection of perpendicular tangents. 
Equation of Director Circle : | *° + y* = a’- be 
Important Note: " 
1. If(a<b) > None DC. (Nol gaat of) 


2.1f (a= c°) a[ey =o] > fiutdrde ( (cent of ue) 
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3. If (a> i > DC. exich - 
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2 2 
If 2x - y + 1 = 0 is a tangent to the hyperbola = = - = 1, Then 


ne which pf the following cannot be sides of a right angled triangle? 
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4 = 4or-¢ 3 40% = lt 
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Tangent are drawn to the hyperbola - = - = 1, parallel to the | 


straight line 2x - y = 1. The point of contget of the tangents on the 9, 
hyperbola are a= 9 bay 
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- ga EQUATION OF NORMAL 


1. Normal at Point P(x,,y,); when point lies on Hyperbola 
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Let P(6, 3) be a point on the hyperbola i = oe = 1. If the normal at | 


the point P intersects the x-axis at (9, 0), 


then the eccentricity of 9, 
the hyperbola is H 
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Let a and b be positive numbers such that a > 1 and b <a. Let P be 
~ x 2 
rv a point in the first quadrant that lies on hyperbola ay = = 1. 


Suppose the tangent to the hyperbola at P passes through the 
point (1, 0) and suppose the normal to the hyperbola at P cuts off 
on the coordinates axes. Let A denote the area of 
the triangle formed by the tangent at P, the normal at P and the x- 


axis. If e denotes the eccentricity of the hyperbola, then which of 9 
the following is/are TRUE? bd 


——— — JEE (Adv.)-2020 (Paper-2 
TM ict ec | mn ean) 


Qa 


Healy be 214A 2p4i-l Lgl 
oe , ae o> or oO” iY 
iC] A=a D4 A=b?* 2 

* [<es2 EP oa é{a. 


ead 


DN 
me a » & 


+ sec =. >| Arco = 0 


aw 


u! 
Sece - 
. ; er oc: 
5 : Vsjate 
b ul 


( a 

2 by Oe 

i (P +67) + ee we] flake 
= = H4b = a? 


Lewcweccccceees 


( ore, ae ob qr 
E(t TS8) 9p . oe) 


c a 
| -1 ite pee Ds Net 


Cibo Ge[i.2) 
: Pe eee 


Tangents are drawn to the hyperbola x? - y” = a’ enclosing at an 
angle of 45°. Show that the locus of their point of intersection is 
(x? + y”)? + 4a2(x? - y2) = 4a‘. 


@ 
Consider a branch of the hyperbola x2 — 2y? — 2V2x —4V2y—6= | \ 4 
0 ,with vertex at the point A. Let B be one of the end points of its 
rectum. If C is the focus of the hyperbola nearest to the point A. 
Then the area of the triangle ABC is 


—e_ 3 [lIT-JEE-2006 (Paper-2)] 


2 
Let the eccentricity of the hyperbola 5 — => = 1 be reciprocal to E 
that of the ellipse x* + 4y* = 4. If the hyperbola passes through a > 


focus of the ellipse, then & 


— [lIT-JEE-2011 (Paper-1)] 


1A| The equation of the hyperbola > = > =1 + H.W - 


Gy A focus of the hyperbola is (2, 0) 


IC | The eccentricity of the hyperbola is E 


1D| The equation of the hyperbola is x2 - 3y? = 3 


1 | 
a,x’ + by” = 1 to intersect ORTHOGONALLY is — — — = i 
2 se a, @ by bz 
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MODULE 
HYPERBOLA 


# Exercise —! (TWQ) — Ques: 1 to 18 
# Exercise — II (LP) - Ques: 1 to 10 
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Tr’ # Equation of Tangent: 
XX. Ya _ xsecO ytan@ 


# Equation of Normal: 


# Equation of Director Circle: 


2 
a es x yr 
“+e =e \) for %_y = 4) 


Tangents are drawn to the hyperbola x? - y” = a* enclosing at an 
angle of 45°. Show that the locus of their point of intersection is 
(x? + y2)? + 4a2(x? - y”) = 4a‘. 
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@ 
Consider a branch of the hyperbola x* — 2y* — 2V2x —4V2y—6= | \ 4 
0 ,with vertex at the point A. Let B be one of the end points of its 
rectum. If C is the focus of the hyperbola nearest to the point A. 
Then the area of the triangle ABC is 


[lIT-JEE-2006 (Paper-2)] 
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Let the eccentricity of the hyperbola = — => = 1 be reciprocal to | 


that of the ellipse x* + 4y* = 4. If the hyperbola passes through a > 
focus of the ellipse,then ( 2 A 


—a 
= 5 [IIT-JEE-2011 (Paper-1)] 
1A] The equation of the hyperbola 7 _» — 4 @_ - (eo 
3 2 —_— 
Bz A focus of the hyperbola is (2, 0) + % IBYLN 


IC | The eccentricity of the hyperbola is E 


iDg The equation of the hyperbola is x2 - 3y? = 3 
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Be CHORD & FOCAL CHORD 
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4 FOUR IMPORTANT TERMS 


“'\’ 4. Chord of Contact:+# 


2. Chord with given midpoint: 


3. Pair of Tangents: —; 
4. Pole & Polar: 
Peto >) 
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@ We ASYMPTOTES ww 
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b- am x — (Lemna?) x -(ac% abb)=0 
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6 PROPERTIES OF ASYMPTOTES 
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‘Property-01: Hyperbola & Conjugate Hyperbola have same pair of asymptotes. 


WProperty-02: Equation of Hyperbola, Conjugate Hyperbola & pair of Asymptotes 
only differs in constant part. 


Property-03: Asymptotes passes through centre of HB and TA. & C.A. are angle >. 
bisectors of angle between asymptotes. ‘ 


Property-04: If angle between asymptotes is ‘a’ then 
eccentricity (e) = sec(<) kK 
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_ Property-05: 
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=i) Portion of tangent intercepted between pair of asymptotes is bisected 


at point of contact. | (0 midpoint & 6 4R & P) 

\ffi) Area of triangle formed by any tangent & pair of asymptotes is always 
constant & is equals to ((m eva(none) = ab) 
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* ~ Property-06: From any point on Hyperbola product of lengths of 


On perpendicular drawn on asymptotes is always constant 
and is equals to (5 oe) - = Pipa 
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Find equation & eccentricity of hyperbola whose equation of 
asymptotes are x+y=3 &x-4y=2 and passes through (5, 0). 


Find everything for hyperbola : xy - 3y - 2x =0. 
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4. TODAY’s HOMEWORK 


MODULE 
HYPERBOLA 


# Exercise —! (TWQ) — Ques: 1 to 18 
# Exercise — II (LP) - Ques: 1 to 10 
# Exercise — Ill (ALMCQ) — Ques: 1,2,3 


+ ‘v-(Py8)) —~ Complete 


THANK YOU 
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HYPERBOLA 


4 ® 
ww TODAY’s GOAL 
# Rectangular Hyperbola 
# Properties / Highlights of Hyperbola 
# OP-OP 
}- 


: LAST CLASS 


“1\. #Asymptotes: 


, 


# Properties of Asymptotes: 


Lan) tog A =+bx 
eee @ =) ( = 


Co HB & CHB oar CA) ave 


ABS b,) as 


®) 9 2 essed ©): 
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Property-07 : 


\lys 
| 


~ 
Ae 15 as 


The asymptotes of a hyperbola are the diagonals of he rectangle formed 
by the lines drawn through the extremities of each axis parallel to the 


other axis. a f° ba 
a a 


Ll, 


as 115 
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Remarks: 


The point of intersection of tangents at ‘6’ and ‘d’ on the hyperbola 
Fy 
[a 4 lis 


R 


a4) P(e) 


) 


Find equation & eccentricity of hyperbola whose equation of ») 
asymptotes are|x +y = 3] &/x - 4y = 2|and passes through (5,0). 
Q : : vy - 

Me & asym = : aoa er 


bay Dey) 0 — a 


m8 mca a re 22-24 + =v. ; . 7 
doomups. OS peates 
wD ‘ 2 
HH HBS A- ra | ai aaa 0} L 2 rer af n 
fas Cas! a5 4Q=0 - 


(2/0) Chao] 


ee eee 


Find equation & eccent 


asymptotes are|x +y = 3] 


Tici 


of hyperbola whose equation of 
ix ay = 2land passes through (5, 0). 


Vly 


7” ve (wa) =t(x-J-te 


i 
+ HR Oo POA — A=0 — AV 


(x3) ~2(x-3) =0 


io 
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~ 
- 


Ag 


=“ 


~ 


\» 


+ also 
+ Lquilorra HB 


RECTANGULAR HYPERBOLA 


The Hyperbola whose: 


Length of T.A. = Length of C.A. = Length of L.R. 


or 


whose eccentricity (e) =V2 


rf Ql| Heautta ave 


voud, 


p+ @ 
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a 


6 


6 


pe 
& STANDARD RECTANGULAR HYPERBOLA 


> 
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‘\.  # For which asymptotes are co-ordinate axes. 
ee el 


ak ay 1 


- i 


VG 


cd 


fos Standard Ha 


“qe% 


+ Retatien i Oxis " 
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@ 

Mi es ee @ 
a,c 

xy = c2| ( i Relation b/w ‘c’ & ‘a’: 


ae = Foci: ese ma) g 8 oe): =(-0, -4) 


a . roses [4a HC) ron . =% 
"fe 
Conjugate Axis: ( =-% 


—7 


ae 11° Yes 


Centre: bux 
Directrix;: ( =x +120 


Directrix,: 4 =-»-‘2c 


| r aed n: Gait < : 
FOR= a= [Ge > Onn “Tea 


oe, Glee 
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&. TANGENT & NORMAL [my =e] 


‘\\  # Tangent: 


(i) At P(xpyp): sae et = 


(ii) Parametric Form: 
o P(%4,) = Ta 


# Normal: 
(i) At Py: (7 y= 5 ~ (x-%)) 44 
(ii) Parametric Form: ( 


rest) (48 (4) 


- ~ 
as 15 es 
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auenoewen Sleletatels atatetatatatatststatatatetanatas 
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~ - # Note: 


’T\’ Show that the orthocenter of the triangle formed by 3 points lying on a 
rectangular Hyperbola always lies on the same Rectangular Hyperbola. 


+ of of BH a ‘ - . att ‘@ce 
K — ° Pot. 
ne BC q- © = 4t(*-%) 


e x 
pe Ser + HG 
=| | te 
= % ob . lord . cps 
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Show that equation of chord joining P(x,, y,) and Q(x,, y,) on R.H.B 


= x y 
= C7lis — | 
mane 


yity2 


B(x, ¥,) 
7M (tee, es) 
Ss 
A (71,4) 


a, = s 


SES) EIA 


a aoe BO eine 


eee, le 


If normal drawn at point P(t,) to hyperbola xy = c? meets it again 
at Q(t,) then value of ¢}t, = 


rb ( . ‘) 


alt.) = (9/4) 


A variable tangent to x? = 4ay intersects xy = c? in P and Q. Find the 
locus of mid-point of PQ. 


+ a Pa usta .P. HY (4,k) *- = § 


te BEY taf 
C 
— 


2 
Show that the mid points of focal chords of a hyperbola = 2s 


lies on another similar hyperbola. 
ear 


' 
J 


beat AQUAO — ‘ 
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Any tangent to rectangular hyperbola x? - y* = 9 intersects 
parabola y” = 8x at A & B. If point of intersection of tangents at A & 
B lies on an ellipse whose eccentricity is @ ] 


H.W. 


6 


2 2 
x 
A common tangent T to the curves C, : 7 "7 = land 


2 2 
sie a — om = 1 does not pass through the fourth quadrant. If T 


touches C, at (x,, y,;) and C, at (x,, y2), then |2x, + x,| is equal to 9) 


TT e 
[JEE Mains-2022] 
HU). 


& fe 


ae 15 os 


# » 
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PROPERTIES OF HB 


ax \\P4: Locus of foot of perpendicular drawn from foci on any tangent 
is Auxiliary Circle. 


2: Product of lengths of perpendiculars from foci on Tangent is always 
constant & equals to (semi-conjugate axis)? 


_ P-3: Portion of tangent intercepted between point of contact and 


= directrix subtend 90° at corresponding focus. 
/ 1\ \ 
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P-4: Tangent and Normal at any point P bisects the angle between focal 


distances ( PS, & PS,). 


6 


) 


~ - REFLECTION PROPERTY: Any ray passing through one focus, after reflection ® 
from Hyperbola it passes from another focus. 


\l 


~ 
ae 15 os 


~ =~ 


- ~ 
ae 115 
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P-5: Using Reflection Property we can say that: 


If Ellipse & Hyperbola are confocal (having same foci) then they are 
Orthogonal (angle between tangents at point of intersection is 90°) 


Conversely if Ellipse & Hyperbola are Orthogonal | hey are Confocal. 


An ellipse intersects the hyperbola 2x? - 2y? = 1\/orthogonally.| The ) 
eccentricity of the ellipse is reciprocal of that of the hyperbola. If °) 


the axes of the ellipse are along the coordinate axes, then 


\lys 


iAg Equation of ellipse is x? + 2y? = 2 


iB The foci of ellipse are (+1, 0) 


[Ci x Equation of ellipse is x? + 2y? = 4 
+ 


a 2 2 
le = Gar L4 


If x = 9 is the chord of contact of the hyperbola x? - y* = 9, then the 
equation of the corresponding pair of tangents is 


6 


4 / N 


1A] 9x? - By? + 18x-9=0 [JEE-1999, 2M] 


Bg 9x? - By? - 18x +9 =0 
fC] 9x? - By? - 18x- 9 =0 
py 9x? - 8y? + 18x +9=0 # [PA.Pp = 0| Toms 


ep ert 88 Metiod TS 90,5) > had bat 
2 =| 
Gx(1)-4 101-9) ¢ 4) (,20:4) tot 5 7, =0- , yh & E 
ie: a ( - 


H+ 9) 194 


If the circle x* + y* = a? intersects the hyperbola xy = c* in four 
points P(x,, ,), Q(X», y2), R(X3, y3), S(x,y, y4), then 


Cc) 


2. 


(ct) +(5) 484 () +34 ($) 44 =0> 


Corte ti@ic 7 
=f Cc t+ ¢ +q SD. tyes at sage eee: 


Rad sor = oot i ‘ 
C 


eee Slee 


42 
t 
C Ca ects fi 4+ atet ¢at=0- 
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2 


= b= e- r 
- Consider the hyperbola —— = == = 1 with foci at S and S,, where S 


lies on the positive x-axis. Let P be a point on the hyperbola, in the 


\lys 


ae 15 Yes 


Csi+ a first quadrant. Let ZSPS, = a, with a < . . The straight line passing 


=(s4 through the points S and having the same slope as that of the 
¢ '00 tangent at P to the hyperbola, intersects the straight line $,P at P,. 
© = {164 Let 5 be the distance of P from the straight line SP,, and B = S,P. 


l f,) 
° Then the greatest integer less than or equal to = sin = is : 9, 
- ® 
5; ve 
[JEE (Adv.)-2022] 


PS,-PS = @a- 


The number of points of intersection of |z - (4 + 3i) = 2 and 


|z| + |z-4| =6,z e Cis: 


} A] 0 tne —— 
Ey : 
C 
By : 
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4 TODAY’s HOMEWORK 
MODULE 
HYPERBOLA 

# Exercise — lV (PYQ) - COMPLETE 
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THANK YOU 
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